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D a n i e l  G e o r g i e v



C A S E  S T U D Y  H Y B R I D  
E X E C U T I O N

X2: .05 =>   0.0515 
PS: 3.0 => 2.9624
TM: 8.0 => 8.0205
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C A S E  S T U D Y  H Y B R I D  
E X E C U T I O N
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X2: .05 =>   0.0503
PS: 3.0 => 2.9667
TM: 8.0 => 8.2820



S I M P L E  E X A M P L E :  B O U N C I N G  
B A L L



S I M P L E  E X A M P L E :  WAT E R  
TA N K

p2

p1

(Q,E, q(0), X, Z, x (0) , z (0) , f, g, R)



H Y B R I D  A U T O M ATA  D E F I N I T I O N

Q = {q1, q2, ...} (1)

E = {e1, e2, ...} (2)

q (0) = initial discrete state (3)

X = Rn
(4)

Z = Rp
(5)

x (0) = initial continuous state (6)

z (0) = initial dynamic parameter value (7)

g : Q⇥X ! Q (8)

f : X ⇥ Z ! X (9)

R : Q⇥X ⇥ Z ! X ⇥ Z (10)



C O N T I N U O U S  B E H AV I O R



H Y B R I D  T R A J E C T O R I E S



H Y B R I D  T R A J E C T O R I E S



H Y B R I D  B E H AV I O R



C L A S S I F I C AT I O N  O F  E V E N T S

Consider a pair of discrete states (q1,q2) and an event e1 in E.  In the state 
q1, the following are classifications of the event. 

• Instant event: g(q1,x) = q2, for all x in Dom(q1) 
• Impossible events: g(q1,x) is not defined, for all x in Dom(q1) 
• Overlapping events: for some q3, g(q1,x) = q2 and g(q1,x) = q3 
• Toggle events: g(q1,x) = q2 and g(q2,R(q1,x)) = q1



W I T H O U T  C O N T I N U I T Y  W E I R D  
T H I N G S  A R E  P O S S I B L E

Depending on the types of events present, various behaviours may arise. 
1) Nondeterminism: overlapping events 
2) Zeno trajectories: overlapping events or toggle events



U N I Q U E N E S S  A N D  N O N -
B L O C K I N G  C O N D I T I O N S  

[ f o r  t h o s e  i n t e r e s t e d  s e e  Ly g e r o s  ’ 9 5 ]

Denote states reachable from Init by the set Reach and transition states on the boundary of 
Dom(q), q in Q, by the set Trans.  



C A S E  S T U D Y

In order to apply hybrid system formalism to case study, first we’ll look at Matlab’s 
numerical solver.



C O N T I N U O U S  S TAT E  
T R A N S I T I O N S

• Ordinary differential equations (ode) represent the basic modelling 
formalism for continuous systems.  ODE’s do not lend themselves well 
to modular modelling. 

• Many system have algebraic constraints. 
geometrical constraints 

conservation laws
V̇C = 1

C iL

V̇L = 1
L iL

0 = VR +RiE

0 = VE + VR + VC + VL

0 = iL � iE

mẍ = �F
l x

mÿ = mg

F
l y

l

2 = x

2 + y

2



D I F F E R E N T I A L  A L G E B R A I C  
E Q U AT I O N S  ( D A E s )

F (t, x, ẋ) = 0

A system of equations of the form 

is called a differential algebraic equation (DAE) if the Jacobian matrix 

is singular. 

In general, if the Jacobian matrix is non-singular, then the system can be transformed into an 
ODE. 

The following system is a DAE.

@F (t,x,ẋ)
@ẋ

x1 � ẋ1 + 1 = 0

ẋ1x2 + 2 = 0



N E T W O R K

0 =
n

Z1
(V0 � nV2)� IS � IC � 1

Z2
(V2 � V3)

0 = SD � 1

Z2
(V2 � V3)V

⇤
3

dV0

dt
= 0



T U R B I N E

0 = �V2 + IS(RS +XSi) + IR(XM i)

0 = IS(XM i) + IRXRi� IR
RR

wR/wS � 1

JGẇR = TM + Imag(IS(ISXS/WS + IRXM/WS)
⇤)



L O A D

ẋD = � 1
TP

(PD � PS)

0 = PD � xD � PT |V3|22
0 = QD



T I M E R S

ẋTC = onC

yTC = xTC � tresC

ẋTT = onT

yTT = xTT � tresT



C A PA C I T O R  B A N K

0 = IC � (V2CnC)i



D A E  C L A S S I F I C AT I O N

• semi-explicit 

• fully implicit - any fully-implicit DAE can be transformed into a semi-explicit DAE 
our systems are semi-explicit 

• index of DAE 
if we differentiate the algebraic equation, we can get an ODE system 
what is the index of the following system? 

REMARK: The index of DAE is the number of differentiations required to get an 
ODE.  Index 1 and 2 systems are easily solvable by off-the-shelf solvers 
(MATLAB).  Hence it is useful to formulate the system as a low index system.

x1 � ẋ1 + 1 = 0

ẋ1x2 + 2 = 0

ẋ = f(t, x, z)

0 = g(t, x, z)



S O L U T I O N :  L I N E A R  D A E s  
( i n d e x  =  1 )

ẋ = f(t, x, z)

0 = g(t, x, z)

Consider the semi-explicit DAE 

differentiating the algebraic equation yields 

Index 1 implies the Jacobian with respect to z is non-singular.  Hence 

 REMARK: for higher indices, when the Jacobian is singular, this method is not efficient. 

0 = @g(t,x,z)
@t

= @g

@t

+ @g

@x

ẋ+ @g

@z

ż

ż = �@g

@z

�1
(@g
@t

+ @g

@x

f(t, x, z))


