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Area of a circle: Ac = mr

Area of a square: Ag = 4r?

Areas expressed as expectation values:
Ac =V(Q) /, IC(az)ﬁd:ﬁ,As =V(Q) [, Ig(ar)ﬁdm
where V() is the volume of the domain and Ig|l¢
are the indicator functions for the circle and square.

Random approximation of expectation values:
generate points z;,¢ = 1,..., N uniformly distributed in Q
evaluate Is(z;) and Ic(z;) at each point
compute the sample averages of

Io = Yl Lol ds = 5 Y00y s ()

estimate pi
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Calculation of pi using Monte Carlo Method
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pi(approx)=3.14632858




NUM

SICAL INTEGRATION

Numerical integration can be performed using deterministic and random
methods.

e Simpson’s rule for numerical
integration uses quadratic approx.

e [Error of Simpson’s rule for an n-dimensional system: e oc N4/

e Number of points required to achieve error epsilon: N Ed%
e¢ Random approximation of integral:
N
Jo 9(x)de =~ V(Q) 322, g(xi)
where x;,7=1,..., N are uniformly distributed in Q

e Expected error of random method is independent of the dimension d:
e x N~1/2



GENERAL MONTE CARLO
ME THOD

Monte Carlo Simulation is a method for approximating expectation values of

a general function g(X), where X is a random variable with a known
distribution F(z) = P(X<x).

The basic steps of Monte Carlo Simulation

1. Distributions (F) - description of the underlying random variables, these
can be cumulative distributions derived from analytical models or

empirical distributions measured from experiments

2. Sampling (z;) - generation of independently distributed samples based on
given distributions.

3. Deterministic execution (g(x;)) - use deterministic methods to compute

the function for the given samples.

4. Aggregation of results ( Exyg(X) ) - compute the final estimate of the
expectation value using the sampled calculations of {.

5. Error approximation ([Exg(X) —Eg(X)| ) - approximate the error of the
aggregated results.



CENTHRAL LIMIT THEOREM

Central limit theorem:

Consider N identical and independently distributed random variables X; with
probability distribution F' and finite standard deviations, i.e., P(X; > x) = F(x)

and o0? = EX? — (EX;)? < oo. Define the sample mean (itself a random
variable) as ExX = & S0 | X,

The distribution of the difference between the sample mean and the mean of
X; approaches the standard normal distribution as N goes to infinity, i.e.,

EnX—EX;, .
Na/\/ﬁ > N(0,1) as N — o0

NOTE: the central limit theorem applies for any distribution F.



CONVERGENGCE

For Monte Carlo methods, the accuracy requirements are specified as follows.
Let the error be defined as

r=|ExX — EX}|

Want an approximate solution that satisfies
Pr<e=1-«
According to the central limit theorem ExX — EX; ~ N(0,0/v'N)

Hence P(r < z;_ a/ga/\/7) = 1 — «, where 2;_,/2 1s the quantile function, 1.e.,
2z satisfies P(Z<z;) = x, where Z ~ N(O 1)

Setting € = 21 a/ga/f yields N = o Zl /2

Caveat: The above formula is a recipe for calculating the number of points
needed to meet the accuracy requirements. However, if we don’t know the
mean, we also don’t know o. This problem is circumvented by
approximating o from a fixed number of pilot runs (approx. 100) and setting

o to be the sample standard deviation o2 = i\le(i(v\;__lENX’i)2




SANDOM NUMBER
GENERATION

The number of needed samples N is also affected by the sampling efficiency.

If we know the density function f, we can always sample from the uniform
distribution

Eg(X) = [o9(x)f(x)dz = V(Q) [, 9(2) f(2) iqydr = V(QEg(Y) (V)

where Y is uniformly distributed on (2.

Remark: There are no true random number generators, not even for the
uniform distribution. MATLAB and other sw tools generate pseudorandom
numbers as that are uniformly distributed as follows

1. pick a seed zp >0
2. generate an integer sequence zy.; = mod., (a T + ¢)

3. The numbers 3. ;/m are uniformly distributed on on the interval [0,1/
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Sampling from uniform distributions, however, is not efficient. One may end

up performing deterministic computations of the function g(x)f(x) for values

of x with 0 probability, i.e., i for which f(ax) = 0.

It is more efficient to sample from the actual cumulative distribution F.

The majority of 1 dimensional random variables can be sampled using the

inverse method and a uniform random number generator.

Let U be uniformly distributed on [0,1/. Then P(U < z)=x,z € |0,1].
Let X = F71(U), then P(X <z2)=P(F ' (U)<z)=PU < F(x)) = F(x)

Hence, we can sample any 1 dimensional random variable, even if F'is an

empirically measured distribution.
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General uniform RVs

X ~ Uniform(a,b), F(z) =72, F (y)=(b—a)y+a
X=b-a)U+a

Exponential RVs

X ~ Exp(\), F(z) =1 — e F~1(y) = — Llog(1 - y)
X = —%log(l —U) = —%log(U)

Univariate Normal RVs

X ~N(0,1),X%24+Y2%2=—-2log(U), X = +/—2log(U)cos(2rV),
U~ Uniform(0,1),V ~ Untform(0,2m)




MONTE CARLO SIMULATION
METHODS

S OCHASTIC SIMULATION ALGORITHM (55A)

D.T. Gillespie, J. Phys. Chem. A 81, 2340 (1977
M. Gibson and J. Bruck, J. Phys. Chem. 104, 1876 (2000)
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\.\ Step 1. Generate the time of
the next reaction.

Step 2. Decide which reaction
has occurred.

Step 3. Update current Time
(t=t+t) and State (x = x+s,).



-IRS T REACTION MeTHOD

(nalve method)

Step 1. Generate the time of

the next reaction of each type.
The time until the next reaction is a random
variable of exponential distribution:

P,, () = wy(x)e™ s ("

To generate each next reaction time, generate
r, from a uniform distribution on (0,1) and use

the equation: 1 | 1
Ty = 0og —
7
Wy, (X) T

Step 2. Decide which reaction has occurred.
This is simply the reaction with the smallest 7,:

k= arg{ min Tp}
pef{0,...,M}
Step 3. Update current Time (t=t+ 7)) and State (x = x+s).

first reaction method reqguires M RVs



-IRS T REACTION MeTHOD

(IMATLAB Implementation)

clear all

t=0;tstop = 2000, %¥¥specify initial and final times
x = [0; 0]; %% Specify initial conditions
S=[1-10 0; 0 01 -1]; %% Specify stoichiometry

W =

inline('[10, 1*x(1), 10*x(1), 1*x(2)]','x"); %% Specify Propensity functions

while t<tstop

end

tpos = 1./w(x).*log(1./rand(4,1)); % possible times until first reaction
[tpos,i]=min(tpos); % find which is first reaction
t=t+tpos;
if t<=t_stop

x = x+S(:,1); % update the configuration
end
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vDartmentalised systems)

¢ In the FRM, we generate times, {7, }, for all M reactions and
choose the reaction, k, with the smallest time, 7.

® Only a few species will change population as a result of this
reaction--the rest will remain constant.

® For most reactions, the propensity functions will remain

constant.

® For these, the times can be reused in the subsequent step
to find the next reaction:{7,} — {7, — T }

® When there are many different species and reactions, this
NRM approach can be done with far fewer random number

than the FRM.

® Particularly useful for compartmental or Reaction-Diffusion

processes.
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Let {71,72,...,7m} be a set of exponentially distributed
random variables: 7, € EXP (w,)

The minimum of {7} is an exponentially distributed
random variable given by:
min 7, € EXP (|w|,)

The argument, k, of this distribution is also a random

variable with distribution:
P(k = p) = —

‘Wh



THE DIRECT METHOD

(Gillespie algorithm)

Step 1. Generate the time of

the next reaction.
The time until the next reaction is a random
variable of exponential distribution:

P (t) = |w(x)|re™ ™l

To generate the next reaction time, generate
r, from a uniform distribution on (0,1) and use
the equation: 1 1
T=——log —
W, 1

Step 2. Decide which reaction has occurred.
To obtain a realization of which reaction will occur, generate
a second uniform random number, r,, and find the smallest
ksuchthat: *—! k
wy(x) < 12wl < Z Wy (X)
p=1 pn=1
Step 3. Update current Time (t=t+t) and State (x = x+s,).

first reaction method reqguires M RVs



IHE DIRECT METHOD

(IMATLAB Implementation)

clear all

t=0;tstop = 2000; %¥¥specify initial and final times
x = [0; 0]; %% Specify initial conditions
S=[1-10 0; 0 01 -1]; %% Specify stoichiometry

w = inline('[10, 1*x(1), 10*x(1), 1*x(2)]','x"'); %% Specify Propensity functions
while t<tstop

wl = sum(w(x)); % compute the sum of the prop. functions
t = t+1/w@*log(1/rand); % update time of next reaction
if t<=t_stop
r2wd=rand*wo; % generate second random number and multiply by prop. sum
i=1; % initialize reaction counter
while sum(w(1l:1))<r2wo % increment counter until sum(w(1l:1)) exceeds r2wd
1=1+1;
end
x = x+S(:,1); % update the configuration
end

end



TAU LEAPING

(speeding up the simulation)

many system include thousands of molecules
to generate these number need thousands of steps
this makes many stochastic simulation very time consuming

Step 0. Specify length of each time step, .

Assume that all propensity functions are constant over
the time interval (t,t+1).

The number of times each reaction will fire is a
Poisson” random number withnmean W,
Pk“ (n) _ [’UJM(X‘)T] e'w“(x)'r
.
Step 1. For each u, generate k,,.
Step 2. Update the time: ¢t =t + 7 y

Update the state: x = x + Z k.Su
pu=1




DISCRETE AND CONTINUOUS

(speeding up the simulation)

® |n some systems, there are great differences in scale:
® |arge populations (continuous)
e Small populations (discrete)

® All discrete models take too long.

® All continuous models are inaccurate.

® Hybrid models are necessary.

HILL function models of gene activation and innhibition

w (P) = P}ff;n, activation
w (P) = {pwr=» inhibition



